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1. Introduction
In this paper we consider elliptic curves deﬁned over Q. As is known [3,20], each one of such
curves is birationally equivalent to one, say E , given by an equation of the type
E: Y 2 = X3 + AX + B, with A, B,∈ Z;
called short Weierstrass form, where it must hold Δ = 16(4A3 + 27B2) = 0. The set of rational
points of its projective closure, noted E(Q), is a ﬁnitely generated abelian group (Mordell–Weil Theo-
rem [17,24]) and its torsion part, noted T (E(Q)) has been exhaustively described by Mazur [15,16] as
isomorphic to one of the following groups:
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Z/2Z × Z/2nZ for n = 1,2,3,4.
In a previous paper of ours [9] we proved the following result, characterizing the non-trivial tor-
sion subgroups by means of the (non-)existence of solution for a system of Diophantine equations:
Theorem. Let E: Y 2 = X3 + AX + B be an elliptic curve, with A, B ∈ Z. For every n ∈ {2,3,4,5,7,8,9} there
are, at most, 4 quasi-homogeneous polynomials Pn, Qn, Rn, Sn ∈ Z[z1, . . . , z4] such that E has a rational
point of order n if and only if there exists an integral solution for the system
Σn:
⎧⎪⎨
⎪⎩
Pn(z1, . . . , z4) = 62 · A,
Qn(z1, . . . , z4) = 63 · B,
Rn(z1, . . . , z4) = 0,
Sn(z1, . . . , z4) = 0.
Remark. Only orders which are prime or pure prime powers are considered because the remaining
cases may be solved by joining systems, according to the factorization of the order we are inter-
ested in.
Remark. Here we show some more precise information regarding the systems Σn
Case Equations and variables Max. degree
n = 2 2 equations in 2 variables 2 and 3
n = 3 2 equations in 2 variables 6
n = 4 2 equations in 2 variables 6
n = 5 3 equations in 3 variables 4
n = 7 4 equations in 4 variables 4
n = 8 3 equations in 3 variables 6
n = 9 3 equations in 3 variables 9
The case n = 2 has two different maximum degrees because, in fact, two different systems have
to be used: one for detecting two-torsion points, and another for knowing whether there are one or
three such points.
The systems Σn , for n > 4 were to some extent unsatisfactory because they were quite hetero-
geneous: all systems were quasi-homogeneous, but little more could be said about them. Hence we
looked for a more elegant and concise way of characterizing torsion structures in these cases.
On this line, we tried to gather together this kind of result with the so-called Tate normal form,
which was already used by us and M.A. Olalla [8] to give a highly eﬃcient algorithm for com-
puting T (E(Q)) and also by Bennett and Ingram [2,11] for pointing out rather surprising results
concerning T (E(Q)) related to the pair (A, B).
Let us recall some basic facts about Tate normal form which will be helpful in the sequel. The
main result concerning Tate normal form can be stated as follows [10,12]:
Theorem. Every elliptic curve over the rationals with a point P of order n = 4, . . . ,10,12 can be written in
Tate normal form
Y 2 + (1− c)XY − bY = X3 − bX2,
with the following relations:
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(2) If n = 5, b = α, c = α.
(3) If n = 6, b = α + α2 , c = α.
(4) If n = 7, b = α3 − α2 , c = α2 − α.
(5) If n = 8, b = (2α − 1)(α − 1), c = b/α.
(6) If n = 9, c = α2(α − 1), b = c(α(α − 1) + 1).
(7) If n = 10, c = (2α3 − 3α2 + α)/[α − (α − 1)2], b = cα2/[α − (α − 1)2].
(8) If n = 12, c = (3α2 − 3α + 1)(α − 2α2)/(α − 1)3 , b = c(2α − 2α2 − 1)/(α − 1).
Remark. Basically, our algorithm [8] goes as follows: if one wants to know whether or not there is a
point of order n on E(Q) one considers the corresponding Tate normal form
Y 2 + (1− cn(α))XY − bn(α)Y = X3 − bn(α)X2,
and takes it to a Weierstrass short form
Y 2 = X3 + An(α)X + Bn(α), with An, Bn ∈ Q(α).
Then our curve has a point of order n if and only if there exists a pair (u,α) ∈ Q2 verifying
u4A = An(α), u6B = Bn(α).
These An, Bn ∈ Q(α) become more and more complicated, as n gets bigger; but can be computed
once and for all. Hence, the existence of a rational point of order n can be also read in terms of the
existence of a solution of the system
{
u4A = An(α),
u6B = Bn(α).
Our concern with this kind of systems was that the solutions had to be searched for in Q, instead
of Z. Hence we tried to work with these systems in order to get new ones, where only integral
parameters had to be considered.
Following this target, our main result in this paper is the following:
Theorem. Given an elliptic curve E: Y 2 = X3 + AX + B with A, B ∈ Z, for n ∈ {5,7,8,9} there are homoge-
neous binary polynomials Fn,Gn ∈ Z[p,q], at least one of them irreducible, such that E has a rational point of
order n if and only if there is a solution to the system
64A = Fn, 66B = Gn.
Remark. Rational (actually integral) points of order n have coordinates (xn, yn) which can also be
written as homogeneous binary polynomials in the same variables {p,q}.
The following table shows the degrees of Fn , Gn , xn and yn with respect to {p,q} for n ∈ {5,7,8,9}:
n deg(Fn) deg(Gn) deg(xn) deg(yn)
5 4 6 2 3
7 8 12 4 6
8 8 12 4 6
9 12 18 6 9
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important point in the proof is showing that the denominator of u is, at most six (in fact, we show
that is either two or three).
Remark. A useful tool in our proof will be elimination theory for obtaining the explicit expressions
of the torsion points. This could as well be obtained from Tate normal form, but dealing a greater
amount of dull computation. It has now become customary to regard elimination theory as an appli-
cation of Gröbner bases, and so we will deal with it. Lots of books cover this issue by now; [4] will
be a perfect reference for what is needed.
Remark. This result bonds elliptic curves with rational torsion of order bigger than four to Diophan-
tine systems of Thue equations (binary irreducible equations of degree greater than 2).
These sort of equations have been thoroughly studied along the last century. To give a brief outline,
in 1909, Thue [22] proved that they have only ﬁnitely many solutions. In the sixties, Baker [1,18] gave
a theoretic algorithm to ﬁnd those solutions. Later, in 1989, Tzanakis and Weger [21,23] combined
Diophantine approximation computational techniques with Baker’s theory, to give a general practical
algorithm for solving Thue equations.
The connection with Thue equations will be useful for proving the following corollary:
Corollary. Fix an integer n 4. For each ﬁnite set S of primes, the number of pairwise non-isomorphic elliptic
curves E/Q with good reduction outside S such that E(Q) contains a point of order n is bounded in terms of n
and (S).
Remark. Notice that a theorem of Shafarevich [20] implies that, for any ﬁnite set S of primes, the
number of pairwise non-isomorphic elliptic curves E/Q with good reduction outside of the set S is
bounded in terms of the set S , with no dependence on E(Q). The strength of the result above is that
if E(Q) is known to have a point of order n 4, then the number of such curves may be bounded in
terms of the size of the set S .
Remark. Finally, we will mention two problems we are currently working on, for which we hope
these results will be helpful:
(a) How the torsion subgroup is affected when we consider an algebraic ﬁeld extension Q ⊂ Q[α].
Some results on this line are now known [6,7,13], specially for extensions of degree 2n and non-
cyclic torsion subgroups, but much is yet to be done.
(b) The relationship (if any) between the Galois group of X3 + AX + B and the torsion subgroup of
Y 2 = X3 + AX + B . While this relationship is trivial for even order groups, it is not clear at all for
the odd case. The given explicit description of A and B may shed some light.
2. Proof of the main theorem
We will prove that the system having a solution is a necessary condition, since it will easily
checked to be suﬃcient in each case, by displaying the set of torsion points. Please note that, for
each case, the ﬁrst steps of our arguments can be found elsewhere ([2,9] for instance), but for the
sake of completeness we will include the full details.
Case n = 5. First we will prove that
A = −27(q4 − 12q3p + 14q2p2 + 12p3q + p4),
B = 54(p2 + q2)(q4 − 18q3p + 74q2p2 + 18p3q + p4),
with p,q ∈ Z \ {0}.
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(
3
(
p2 − 6pq + q2),±108p2q), (3(p2 + 6pq + q2),±108pq2).
From the proof of the main theorem on [9], we know that if there is a rational point of order ﬁve
in E , then
A = −x21 − x1x2 − x22 + (x1 − x2)x3,
B = −1
4
(x1 + x2)
(−3x21 + 2x1x2 − 3x22 + 2(x1 − x2)x3)
with
x23 = (2x1 + x2)(x1 + 2x2).
Besides, the full list of torsion points of order ﬁve is
{(
x1, ± (x1 − x2)x4
2
)
,
(
x2, ± (x1 − x2)t
2
)}
,
where
t2 = 3x1 − 2x3 + 3x2, x24 = 3x1 + 2x3 + 3x2.
On the other hand, from [8] we know that E must be equivalent to the short Weierstrass form of
Y 2 − αXY − αY = X3 − αX2
with α ∈ Q, that is,
Y 2 = X3 + A5(α)X + B5(α),
where
A5(α) = −27− 324α − 378α2 + 324α3 − 27α4,
B5(α) = 54+ 972α + 4050α2 + 4050α4 − 972α5 + 54α6.
Hence, there is u ∈ Q such that
A(x1, x2, x3) = u4A(α), B(x1, x2, x3) = u6B(α),
and using Gröbner basis we get
x1 = 3u2
(
α2 − 6α + 1), x2 = 3u2(α2 + 6α + 1), x3 = −9u2(α2 − 1),
where u,α ∈ Q.
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u = u1
u2
, α = p
q
,
with u1,u2, p,q ∈ Z, such that gcd(p,q) = 1 = gcd(u1,u2), and we will study all possibilities for
u1,u2, p and q.
From the last expression of x1, since gcd(p2 − 6pq+ q2,q2) = 1, we have that q2 divides 3u21, that
is, q divides u1.
If we now substitute those expressions for x1, x2 and x3 in A and B , and denote k = u1/q, we
obtain
A = −27(k/u2)4
(
q4 − 12q3p + 14q2p2 + 12p3q + p4),
B = 54(k/u2)6
(
p2 + q2)(q4 − 18q3p + 74q2p2 + 18p3q + p4).
To ﬁnish this proof we just have to show that u2 = 1 and change (p,1) by (kp,kq). Note that
x1, x2 ∈ Z because of the Nagell–Lutz Theorem [14,19]; and hence x3 ∈ Z as well. From
x1 = 3k
2(p2 − 6pq + q2)
u22
, x2 = 3k
2(p2 + 6pq + q2)
u22
, x3 = −9k
2(p2 − q2)
u22
,
since gcd(k,u2) = 1 and x1, x2, x3 ∈ Z, we have
u22
∣∣ 3(p2 − 6pq + q2), u22 ∣∣ 3(p2 + 6pq + q2), u22 ∣∣ 9(p2 − q2).
Thus u22 divides 6(p
2 + q2) and 9(p2 − q2). We will consider several cases:
(a) When neither 2 nor 3 divides u2, since u22 divides p
2 + q2 and p2 − q2, we have that u22 divides
2p2 and 2q2, that is, u2 = 1.
(b) If u2 = 2 and 2 divides u2 but 3 does not, let u′2 be such that u2 = 2u′2. Arguing as above, now
with u′2, we get u′2 = 1 which is impossible.
(c) We have an analogous case when u2 = 3 and 3 divides u2 but 2 does not, setting now u2 = 3u′2.
And the same when 2 and 3 divide u2 and u2 = 6, taking u2 = 6u′2.
(d) If u2 = 2, since B ∈ Z and gcd(k,u2) = 1, it must be
(
p2 + q2)(q4 − 18q3p + 74q2p2 + 18p3q + p4)≡ 0 mod 32,
but this is easily checked to be impossible when gcd(p,q) = 1. For u2 = 3, since x1 ∈ Z, it should
be
(
p2 − 6pq + q2)≡ 0 mod 3,
which is also impossible. And the same occurs if u2 = 6 for
(
p2 − 6pq + q2)≡ 0 mod 12.
Therefore, u2 = 1 and we get the stated expressions for A and B . Once the corresponding substi-
tutions are performed, the rational points of order ﬁve are easily checked to be the ones we stated
above.
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A = −27k4(p2 − pq + q2)(q6 + 5q5p − 10q4p2 − 15q3p3 + 30q2p4 − 11qp5 + p6),
B = 54k6(p12 − 18p11q + 117p10q2 − 354p9q3 + 570p8q4 − 486p7q5 + 273p6q6
− 222p5q7 + 174p4q8 − 46p3q9 − 15p2q10 + 6pq11 + q12)
with p,q ∈ Z \ {0} verifying p = q, and k ∈ {1,1/3}.
Furthermore, we will see that the rational points of order seven are
(
3k2
(
p4 − 6p3q + 15p2q2 − 10pq3 + q4),±108k3(p − q)3pq2),
(
3k2
(
p4 − 6p3q + 3p2q2 + 2pq3 + q4),±108k3(p − q)p2q3),
(
3k2
(
p4 + 6p3q − 9p2q2 + 2pq3 + q4),±108k3(p − q)2p3q).
As we proved in [9], if there is a rational point of order seven in E , then
A = −x21 − x22 − x1x2 + x4(x1 − x2),
4B = (3x31 + x3x21 + 3x22x1 + x22x3 − 2x1x2x3 + 2x32 + 2(x22 − x21)x4),
with
x24 = (x2 + 2x1)(x1 + x3 + x2).
Again from [8], we know that E must be equivalent to the short Weierstrass form of the Tate
normal form for n = 7, whose coeﬃcients are
A7(α) = −27
(
α2 − α + 1)(α6 − 11α5 + 30α4 − 15α3 − 10α2 + 5α + 1),
B7(α) = 54+ 324α − 810α2 − 2484α3 + 9396α4 − 11988α5 + 14742α6
− 26244α7 + 30780α8 − 19116α9 + 6318α10 − 972α11 + 54α12.
Therefore, there exists u ∈ Q verifying
A(x1, x2, x4) = u4A(α), B(x1, x2, x3, x4) = u6B(α).
Now, eliminating as above, we get
x1 = 3u2
(
α4 − 6α3 + 15α2 − 10α + 1),
x2 = 3u2
(
α4 − 6α3 + 3α2 + 2α + 1),
x3 = 3u2
(
α4 + 6α3 − 9α2 + 2α + 1),
x4 = 9u2
(
α2 − α + 1)(α2 − 3α + 1).
We set again
u = u1
u2
, α = p
q
,
with gcd(p,q) = 1 = gcd(u1,u2), and we will study all possibilities for these u1,u2, p,q ∈ Z.
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points of order seven on E(Q) (Nagell–Lutz again). Then, as
gcd
(
p4 − 6p3q + 15p2q2 − 10pq3 + q4,q4)= 1,
we have that q4 | 3u21, thus q2 | u1. Therefore
A = −27(u3/u2)4
(
p2 − pq + q2)(q6 + 5q5p − 10q4p2 − 15q3p3 + 30q2p4 − 11qp5 + p6),
B = 54(u3/u2)6
(
p12 − 18p11q + 117p10q2 − 354p9q3 + 570p8q4 − 486p7q5 + 273p6q6
− 222p5q7 + 174p4q8 − 46p3q9 − 15p2q10 + 6pq11 + q12)
where u3 = u1/q2 ∈ Z.
Since gcd(u2,u3) = 1, u22 must divide 36(p2q2 − pq3) because x1, x2 ∈ Z, and u22 must divide
36(p2q2 − p3q) because x2, x3 ∈ Z. Thus we have that
u22
∣∣ 36(p2q − pq2).
But it is also true that
u22
∣∣ 9(p4 − 4p3q + 5p2q2 − 4pq3 + q4),
because x4 ∈ Z. Hence
u22
∣∣ gcd(36pq(p − q),9((p − q)(p3 − 3p2q + 2pq2 − 2q3)− q4))= 9,
that is u2 = ±1 or u2 = ±3, so the result is proved. The computation of the points is again direct.
Case n = 8. We will show that
A = −27k4(q8 − 16pq7 + 96p2q6 − 288p3q5 + 480p4q4 − 448p5q3 + 224p6q2 − 64p7q + 16p8),
B = −54k6(8p4 − 16p3q + 16p2q2 − 8pq3 + q4)(8p8 − 32p7q − 80p6q2 + 352p5q3 − 456p4q4
+ 288p3q5 − 96p2q6 + 16pq7 − q8)
with p,q ∈ Z verifying p = q, 2p = q and k ∈ {1,1/2}. Given a solution (p,q) of the above system, the
points of order eight in the curve are
{(
3k2
(−4p4 + 20p3q − 20p2q2 + 4pq3 + q4), ±108k3pq(q − p)3(q − 2p)),
(
3k2
(−4p4 − 4p3q + 16p2q2 − 8pq3 + q4), ±108k3p3q(q − p)(q − 2p))}.
As we proved in [9] the existence of points of order eight implies the following parametrization:
A(z1, z2) =
(−3z21 + 6z1z22 − 2z42),
B(z1, z2) =
(
2z1 − z22
)(
z21 + 2z1z22 − z22
)
,
0 = z23 + z24 − 3z1,
0 = z24 − z2(2z3 + z2) = 0
with z1, z2, z3, z4 ∈ Z.
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Y 2 = X3 + A8(α)X + B8(α),
where
A8(α) =
(−27/α4)(16α8 − 64α7 + 224α6 − 448α5 + 480α4 − 288α3 + 96α2 − 16α + 1),
B8(α) =
(−54/α6)(64α12 − 384α11 + 3520α9 − 10296α8 + 15840α7 − 15568α6 + 10272α5
− 4560α4 + 1328α3 − 240α2 + 24α − 1).
As above,
A(z1, z2) = u4A8(α), B(z1, z2) = u6B8(α),
yields, after elimination,
z1 = 3u2
(
20α4 − 40α3 + 28α2 − 8α + 1)/α2,
z2 = 3u(2α − 1)2/α,
z3 = 6u(1− α),
z4 = 3u(1− 2α)/α.
We set, as usual u = u1/u2, α = p/q, and perform the corresponding substitution in z1 and z2 to
obtain:
A = −27(u1/pqu2)4
(
q8 − 16pq7 + 96p2q6 − 288p3q5 + 480p4q4 − 446p5q3
+ 224p6q2 − 64p7q + 16p8),
B = −54(u1/pqu2)6
(
8p4 − 16p3q + 16p2q2 − 8pq3 + q4)(8p8 − 32p7q − 80p2q2 + 352p5q3
− 456p4q4 + 288p3q5 − 96p2q6 + 16pq7 − q8).
Now, since z3 ∈ Z and gcd(u1,u2) = 1, we have u2 | 6(q − p). Also z4 ∈ Z, therefore u2 | 3(q − 2p).
This proves u2 divides both 6p and 3q, hence u2 = 1 or u2 = 3.
On the other hand, z3 ∈ Z and gcd(p,q − p) = 1 imply q | 6u1; and A ∈ Z imply p4 | 27u41,
hence p | u1.
The equations involving A and B are now proved, but it remains showing k ∈ {1,1/2}. From above,
we actually need to show that 3 does not divide
q8 − 16pq7 + 96p2q6 − 288p3q5 + 480p4q4 − 446p5q3 + 224p6q2 − 64p7q + 16p8.
We will consider two cases:
(a) If either 3 | q or 3 | p, then as gcd(p,q) = 1 the result is straightforward.
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p ≡ ±1 mod 3,
and so does q. Checking all possibilities it is easy to see that 3 does not divide the above expres-
sion.
Case n = 9. Finally we will prove that
A = −27k4(q3 − 3p2q + p3)(q9 − 9q7p2 + 27q6p3 − 45q5p4 + 54q4p5
− 48q3p6 + 27p7q2 − 9p8q + p9),
B = 54k6(p18 − 18p17q + 135p16q2 − 570p15q3 + 1557p14q4 − 2970p13q5 + 4128p12q6
− 4230p11q7 + 3240p10q8 − 2032p9q9 + 1359p8q10 − 1080p7q11 + 735p6q12
− 306p5q13 + 27p4q14 + 42p3q15 − 18p2q16 + q18),
with p,q ∈ Z \ {0} verifying p = q, and k = 1 or k = 1/3.
Moreover, we will show that the rational points of order 9 are
(
3k2
(
p6 + 6p5q − 15p4q2 + 14p3q3 − 6p2q4 + q6),
±108k3p4q(p4 − 3p3q + 4p2q2 − 3pq3 + q4)),
(
3k2
(
p6 − 6p5q + 21p4q2 − 34p3q3 + 30p2q4 − 12pq5 + q6),
±108k3pq2(p6 − 5p5q + 11p4q2 − 14p3q3 + 11p2q4 − 5pq5 + q6)),
(
3k2
(
p6 − 6p5q + 9p4q2 − 10p3q3 + 6p2q4 + q6),
±108k3p2q4(p3 − 2p2q + 2pq2p − q3)).
In this case, we have
A = 27z41 + 6z1z2, B = z22 − 27z61,
with z1, z2 ∈ Z, and E must be equivalent to the short Weierstrass form of
Y 2 + (1− α2(α − 1))XY − α2(α − 1)(α2 − α + 1)Y = X3 − α2(α − 1)(α2 − α + 1)X2
that is, to Y 2 = X3 + A(α)X + B(α), where
A(α) = −27α12 + 324α11 − 1458α10 + 3456α9 − 5103α8 + 4860α7 − 3078α6
+ 972α5 + 486α4 − 756α3 + 324α2 − 27,
B(α) = 54α18 − 972α17 + 7290α16 − 30780α15 + 84078α14 − 160380α13 + 222912α12
− 228420α11 + 174960α10 − 109728α9 + 73386α8 − 58320α7 + 39690α6
− 16524α5 + 1458α4 + 2268α3 − 972α2 + 54,
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such that
A(z1, z2)
A(α)
= u4, B(z1, z2)
B(α)
= u6,
and this occurs if and only if
z1 = u
(
1− 3α2 + α3),
z2 = −9z31 + 108u3α3(α − 1)3,
with u, α ∈ Q.
Recall from [9] there exists a polynomial R9 ∈ Z[z1, z2, z3] of degree nine in z3 with three integer
roots (w.r.t. z3, for a given curve with order nine torsion), which were the ﬁrst coordinates of the
rational points or order 9 in the curve, that is, x(P ), x(2P ) and x(4P ). If we substitute the expressions
for z1 and z2 in R9 we get only the following rational (hence integral) roots:
x(P ) = 3z21 − 4(3u)2α2(α − 1),
x(2P ) = 3z21 + 4(3u)2α3(α − 1)2,
x(4P ) = 3z21 + 4(3u)2α(α − 1)3.
Again we set u = u1/u2, α = p/q, with gcd(p,q) = 1 = gcd(u1,u2), and will study all possibilities
for these integers.
From
x(P ) = 3u
2
1
u22
(
p6 − 6p5q + 9p4q2 − 10p3q3 + 6p2q4 + q6
q6
)
∈ Z
we get u3 = u1/q3 ∈ Z, because
gcd
(
p6 − 6p5q + 9p4q2 − 10p3q3 + 6p2q4 + q6,q6)= 1.
Now, since x(P ), z1 ∈ Z, we have
x(P ) − 3z21 = −22 · 32u23q3
p2(p − q)
u22
∈ Z.
If we set u2 = 2a3bu4, with a = 1 if 2 divides u2 and a = 0 if not, and the same for b and 3, we
get
−22 · 32p2(p − q)
22a32bu24
∈ Z.
There are several cases:
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p6 − 6p5q + 9p4q2 − 10p3q3 + 6p2q4 + q6 ≡ 0 (mod u22),
we have
p2(p − q)(p3 − 5p2q + 4pq2 − 6q3)≡ −q6 (mod u22),
therefore q6 ≡ 0 (mod u22). But then, since q3 divides u1, we get u2 = 1.
(b) If a = 1,b = 0 and u2 = 2 then u2 = 2u4 with u4 = 1, and now u24 divides p2(p−q). As above we
get u4 = 1 which is impossible.
(c) If a = 0,b = 1 and u2 = 3, then u2 = 3u4 with u4 = 1 and u24 divides p2(p − q). Again we get a
contradiction because u4 divides q3.
(d) If a = 1,b = 1 and u2 = 6, then u2 = 6u4 with u4 = 1 and it follows the same as in former cases.
(e) If u2 = 2 we get
p6 − 6p5q + 9p4q2 − 10p3q3 + 6p2q4 + q6 ≡ 0 (mod 22),
but there exist no p,q ∈ Z relatively primes satisfying that congruence.
(f) If u2 = 6 we get
p6 − 6p5q + 9p4q2 − 10p3q3 + 6p2q4 + q6 ≡ 0 (mod 12),
and again there is no solution.
Hence we have proved that u2 = 1 or u2 = 3 as wanted. Moreover, if we substitute A and B by
their expressions with k, p and q in our polynomial of degree 9, we get three integer roots, namely:
x(P ) = 3k2(p6 + 6p5q − 15p4q2 + 14p3q3 − 6p2q4 + q6),
x(2P ) = 3k2(p6 − 6p5q + 21p4q2 − 34p3q3 + 30p2q4 − 12pq5 + q6),
x(4P ) = 3k2(p6 − 6p5q + 9p4q2 − 10p3q3 + 6p2q4 + q6).
Remark. One may ask whether k is actually necessary for n = 7,8,9. The following curves show
it is. For all of these curves, the system {A = Fn, B = Gn} does not have an integral solution, while
{64A = Fn, 66B = Gn} has.
Torsion order Curve
7 Y 2 = X3 − 43X + 166
8 Y 2 = X3 − 22187952X + 23592760704
9 Y 2 = X3 − 219X + 1654
3. Proof of the corollary
We will prove now the corollary stated in the introduction: For given Δ and n, the number of non-
isomorphic curves with a point of order n and discriminant Δ is bounded by an integer depending
only on the number of prime factors of Δ.
For every such n, we have the explicit expressions of A and B in terms of two variables, either
from [9] or from the above theorem, hence we can compute Δ. Here we list the results (variables are
now x and y), for the cases k = 1 in n = 7,8,9, some easy arrangements are to be made otherwise:
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2 24(4x− y2)(x+ 2y2)2 3
3 2433(5x3 + y)(9x3 + y)3 4
4 24 y2(12x− 5y2)(3x− y2)4 6
5 212312x5 y5(x2 + 11xy − y2) 12
7 212x7 y7(x3 − 8x2 y + 5xy2 + y3)(y − x)7 24
8 312x8 y2(8x2 − 8xy + y2)(2x− y)4(x− y)8 24
9 −212x9 y9(x3 − 6x2 y + 3xy2 + y3)(x2 − xy + y2)3(x− y)9 36
where Degree stands for the homogeneous degree obtained by doing
n = 2, y2 −→ y,
n = 3, x3 −→ x,
n = 4, y2 −→ y.
After these substitutions we get, for all n, Thue equations
F (x, y) = Δ
whose set of solutions either contains or are equal the solutions of the original equations shown
above. Now, for n  4 we can apply the Evertse bound [5]: the number of primitive solutions of a
Thue equation of degree r given by
F (x, y) = h
is bounded by
715[(
r
3)+1]2 + 6 · 72(r3)(t+1),
where t is the number of prime factors of h. Note that isomorphic curves give rise to scaled solutions,
hence by considering primitive solutions we are sure to include all non-isomorphic cases.
When we apply this bound to our equations, we note that the bound obtained for n prime is
smaller than the attached by any multiple of n. Hence we ﬁnally get the following result:
Corollary. Fix an integer n 4. For each ﬁnite set S of primes, the number of pairwise non-isomorphic elliptic
curves E/Q with good reduction outside S such that E(Q) contains a point of order n is bounded in terms of n
and (S). More precisely, let Mn(t) be the bound with t = (S). Then the order of Mn(t) in terms of t is:
n = 4,6,8,10,12, Mn(t) = M4(t) =O
(
6 · 740(t+1)),
n = 5, M5(t) =O
(
6 · 7440(t+1)),
n = 7, M7(t) =O
(
6 · 72024(t+1)),
n = 9, M9(t) =O
(
6 · 714280(t+1)).
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